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Abstract 

It is easily verified that the quantum Markov property is equivalent 
to the strong additivity of von Neumann entropy for graded quantum 
systems. However, the structure of Markov states for graded systems is 
different from that for tensor-product systems which have trivial grad- 
ing. For three-composed graded systems we have U(l)-gauge invariant 
Markov states whose restriction to the marginal pair of subsystems is 
nonseparable. 



1 Introduction 

We are interested in characterization of state correlations for general com- 
posite systems which do not necessarily satisfy the local commutativity. We 
consider specifically finite-dimensional quantum systems with graded com- 
mutation relations. For such nonindependent well, the total system 
can be divided into subsystems on disjoint subregions and the notion of state 
correlation among them makes sense. 

It has been noted that known criterions of separability for tensor-product 
systems should be altered for lattice fermion systems when fermion 
hopping terms are present. (Note that purely fermionic correlation due to 
hopping terms cannot be distilled.) 

We are going to discuss quantum Markov property [Q, a quantum ver- 
sion of Markovness invented by Accardi. This is given by means of quasi- 
conditional expectations and has played various roles, see, e.g., [2J. We can 
view the Markov property as a kind of characterization of state correlation 
for composite systems. A pivotal example of quantum composite systems 
is tensor product of Hilbert spaces for which lots of works, prominently 
those on Markov chains for one-dimensional quantum spin lattice systems 
have been done. We should note that the definition of Markov property has 
been given under a very general setting that is not limited to the tensor- 
product case. Namely, it does not require in principle any specific algebraic 
location among subsystems imbedded in the total system Its detailed 
analysis for nonindependent systems, however, has started only recently. 0] 
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has investigated Markov chains for one-dimensional (spinless) fermion lat- 
tice systems and clarified that the notion of Markov property and of the 
Markov chain is well applicable to such fermionic case. (More precisely, the 
above Markov chain refers to (d)-Markovian chain pQ, see also ^3] ° n the 
generalized Markov chain.) Furthermore, a class of U(l)-gauge invariant 
Markov chains with fermionic hopping correlations has been given. 

It has been shown that the Markov property is tightly related to the 
sufficiency of conditional expectations through the strong subadditivity of 
von Neumann entropy: A state of a three-composed tensor-product system 
is markovian if and only if it takes the equality for the strong subadditivity 
inequality of entropy, which will be referred to as 'the strong additivity of 
entropy' [El C2 0- 

We show that a similar equivalence relation of the Markov property and 
the strong additivity of entropy is valid for graded quantum systems. Its 
proof proceeds in much the same way as that for the tensor-product case 
following JH] (whose methods and results can be used in the present non- 
independent situation) with some simple modifications due to the grading. 

We now introduce the graded systems under our consideration. Let ^ 
be a lattice and {Ai; I S J} be a family of *-algebras that have a common 
unital element denoted 1. If I C J, then A\ C Aj, and if I n J = 0, then 
^lin^4j = CI. Let be an involutive ^-automorphism of A that determines 
the grading as 

A e := {A G A | 0{A) = A}, A° := {A G A \ 0(A) = -A}. (1) 

We assume that our grading transformation O is nontrivial. The above A e 
and A° (which is not empty) are called the even and odd parts of A. For 
165 

Af:=A e nA h A! := A° n A h (2) 
For A G -4(.4i) we have the even-odd decomposition: 

A = A+ + A-, A + :=±[A + Q(A)) e A e (Af), A_ := ±(A - e(A)) g A°{A<(). (3) 

If a pair of subsets I and J of J are disjoint, then the following graded 
commutation relations hold: 

[At A]] = 0, [Af, A° 3 ] = 0, [AI A e 3 ] = 0, {AI Aft = 0, (4) 

where [A, B] = AB — BA denotes the commutator and {A, B} = AB + BA 
the anticommutator. 

We assume that A\ is isomorphic to a finite-dimensional factor (a full 
matrix algebra) for every I S J. Under this assumption, there is a unitary 
v\ in A\ that implements on A\ as 

vl(A)vi = Q{A), A G Ai. (5) 
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This v\ is even, since 0(t>i) = {v\)v\ = (vjVi)vi = v\. For disjoint I and J, 
the unitary uiyj of © for .4iuj is given by v\vj. 

The lattice fermion system is a typical example of the graded quan- 
tum systems. Let a* and ai be creation and annihilation operators on the 
specified site i in a lattice. For each finite subset I, the subsystem A\ are 
generated by a* and a, in I. The even-odd grading transformation is given 
by 

6(a*) = -a*, Q(ai) = -en. 

The unitary v\ is given by v\ := n^ei u «i v i := a i a * ~~ a *°i • We also introduce 
U(l) gauge transformation: 

7(? «) = e ie a*, 7e ( ai ) = e^oj (6) 

for 6 € C . A state invariant under is called even, and that invariant 
under 70 for any 6 € C 1 is called U(l)-gauge invariant. 

We provide the plan of this paper. In §12 we recall the strong subadditiv- 
ity of entropy (SSA) [S] in terms of the densities with respect to the tracial 
state for general composite systems made of finite-dimensional factors. 

In §|2J the equivalence of the Markov property and the strong additivity 
of entropy for even states of the graded systems is shown. For noneven 
states, we have a weak result. 

In § |IJ we consider restrictions of Markov states onto the marginal sub- 
systems that are separated from each other. It was shown in jH] ^2] that a 
Markov state of a three-composed tensor-product system is separable (clas- 
sically correlated) with respect to the marginal pair of subsystems. We show 
that this statement is invalid for the graded systems; there are U(l)-gauge 
invariant (hence obviously even) Markov states that are nonseparable for 
the marginal pair. 

In § 03 we show that a state of a graded bipartite system satisfies the 
additivity of von Neumann entropy if and only if it is a product state. This 
is almost obvious if the state under consideration is assumed to be even. 
The point is that the evenness (at least on one of the pair of subsystems) 
follows from the assumption. 

2 Strong subadditivity of entropy for type-I sys- 
tems 

We recall the strong subadditivity of entropy for a general setting that en- 
compasses nonindependent systems. Let A be a finite-dimensional factor. 
Let r denote the tracial state on A. If an element d € A is positive and 
normalized as r{d) = 1, then it is called a density. For any state cp of A, 
there exists a unique density € A called the density of ip satisfying that 

cp(a) = r{p [p a), a G A. 
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For the tracial state r, its density is obviously 1, the unity of A. 

Let p\ and p2 be a pair of densities of A. The relative entropy for them 
is defined by 

H(pi, P2) ■= r(pi(logpi - logp 2 )) (7) 

if the support of p\ is contained in pi- Otherwise, we set it +00. For a pair 
of two states (p and ip on A, their relative entropy is 

H(<p, V) := H(p v , Pil ). (8) 

We define the entropy for a given state (p as 

S(<p):=-<pQogp v ). (9) 

We see 

S(<p) = r). 

The following may be more familiar one: 

S(<p) := -Tr^log^) = -cp(log Dp), 

where Tr is the matrix trace that takes 1 for each one-dimensional pro- 
jection, and D v denotes the density matrix of ip with respect to Tr. We 
see 

S(<p) = S(tp) - S(r) = S(<p) - log Tr(l) (10) 

for any state ip. Hence if A is a n by n full matrix algebra, n € N, then the 
difference S(<p) — S(ip) is constantly logn. 

Let B be a subalgebra of A. We denote the (uniquely determined) con- 
ditional expectation from A onto B with respect to the tracial state by Eg . 
Here, the upper-right subscript of E indicates the domain and the lower- 
right the range. Let ipg denote the restriction of 92 to B. Then the density 
of (ps is given by that of ip as 

P W = e£{ Pip )- (11) 

We have 

S(<pb) ~ S(tp) = H(p v , p VB ) = H(ip, tp B (g> triune') = H (tp, ip o E$). (12) 
As a special case of ((T2*|) . 

S(<p B ) = S(<poEg). (13) 

In fact we have so far assumed that (p is a faithful state, but ()12|) is valid 
when <p is nonfaithful. To see this, we take e ■ t + (1 — e)<p where £ is a 
positive small number and then take the limit e — > 0. 
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Let us take three disjoint subsets A, B, and C. Let Aabc-, Aab-, Abc 
and Ab denote finite-dimensional quantum systems corresponding to the 
indexes. Let E^' B,C and E^' B denote the trace preserving conditional ex- 
pectation from A abc onto Aab and that from Aab onto Aa, respectively. 
We use similar notations for other indexes. If the domain is the total system 

ABC 

AabCi then we simply write e.g. Ea,b instead of E A ' B ' when there is no 
fear of confusion. 

The following five conditions, called the commuting square condition, 
are all equivalent to each other. 

(1) E A ,b\a BC = E B ,C - 

(2) E b ,c\a ab =E% B . 

(3) A B = Aab n A B c and E a ,bE b ,c = E b , c E a ,b- 
{4) Ea,bEb,c = Eb- 

(5) Eb,cEa,b = Eb- 

If our three-composed system Aabc satisfies the commuting square con- 
dition, then the strong subadditivity of entropy S(i/j) for any state tp follows. 
The proof is standard, but we recapture it for completeness. 

Proposition 1. Let Aabc-, Aab, Abc and Ab be finite- dimensional factors 
satisfying the commuting square condition, and let ipABC be an arbitrary 
state on Aabc- Then 

S(^abc) - S{^ab) - S(^bc) + %fl) < 0. (14) 

Furthermore, if the system satisfies the graded commutation relations 
(jU, then 

S(^abc) - S(^ab) - S&bc) + S(ip B ) < 0. (15) 

Proof. By (fT2|) . (fTH|) . and the relation Eb,cEa,b = Ea,bEb,c = Eb, we 
obtain 

S(lpBc) - S(lpABc) = H(lpABC, IpABC ° E B ,c) 

> H(lp A BC ° Ea,B, 4>ABC ° E B ,C ° Ea,b) 

= H(i>ABC ° Ea,B, IpABC ° Ea,B ° E B ,c) 

= H(lp A BC ° Ea,b, IpABC ° E B ) 

= S(i{)abc ° Eb) - S{iPabc ° E a ,b) 

= S(^ b )-S^ab), (16) 

where the inequality is due to the monotonicity of relative entropy under 
the action of completely positive maps. 

Let us turn to the graded systems of finite-dimensional factors, which 
satisfy the commuting square condition. Suppose that I and J are disjoint 
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subsets. Then the matrix trace on Amj denoted Trim is given by the prod- 
uct extension of those in A\ and in Aj denoted Tri and Trj, respectively. 
Thus we have Triuj(l) = Tri(l) x Tr(l). Now (JUJ) and imply (JEJ) | 

As this proposition indicates, the strong additivity of entropy is satisfied 
irrespective of whether states are even or not. In [H] ^Hj we have shown that 
noneven states may have pathological state correlations. 

3 Markov property and Strong additivity 

It is obvious that the equality of (|14|) and of (|15|) is equivalent to that of 
(0, i.e. 

H(lpABC, ipABC ° E B ,c) = H(lp AB C ° E A ,B, 4>ABC ° E B ), (17) 
equivalently, 

By a general result of the sufficiency given in [15,, Q17|) implies that the 
conditional expectation Ea,b is sufficient for iPabc°Eb,c and ipABC, that is, 
there exists a completely positive map that recovers ipABC ° E B ,c and ipABC 
from ipABC ° E B) c o E A ,B and iPabc°Ea,b, respectively. The canonical form 
of such maps is given as follows |12j . 

Let a denote the completely positive map on A defined by 

a(X):=p q p B - l / 2 E A>B (p^ BC 1 / 2 Xp^ BC 1 / 2 )p q p B - 1 / 2 , XcAabc- (19) 

Let T" denote the dual of a with respect to the tracial stare, which is written 

as 

T\X) := ^ bo 1 /% b - 1/2 A-^ b -V% bo V2 ) X G a(A A Bc). (20) 

It is easy to see T^(p^ B ) = p^ BC - Also T^{p^ AB ) = p 1 p ABC is satisfied if 
and only if Ea.b is sufficient for the given pair of states ipABC and ipABC ° 
Eb,Ci equivalently, (|T7|) holds. 

The following is a more or less summary of the contents stated above, 
which corresponds to Theorem 5.2 of ^H] and also section 5 of for the 
tensor-product case. 

Proposition 2. Let Aabc, Aab, A B c and A b be finite- dimensional factors 
satisfying the commuting square condition. Let ipABC be an arbitrary faithful 
state on Aabc- The strong additivity of von Neumann entropy, i.e., 

S(^abc) - S{^ab) - Styuc) + Styn) = (21) 
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is satisfied if and only if Ea,b is sufficient for the pair of states ipABC 
and ipABC ° Eb,c- Let a denote the ipABC -preserving (and ipABC Eb,c- 
preserving) conditional expectation from Aabc to Aab given as Let 
T" denote the dual of this a with respect to the tracial state whose concrete 
formula is given as fSS). This T* gives the canonical left inverse of Ea b 
for the densities of ipABC an d ipABC ° Eb,C> that is, 

T "(pfe) = P4>BC ( 22 ) 

and 

T KpiPab) = P^abc- ( 23 ) 

The set of fixed points of a contains A\. If the state i/jabc is even, then 
the set of fixed points of a contains Aa and accordingly the Markov property 
of ipABC with respect to a triplet (Aa, Ab, Ac) is satisfied. 

Proof. We only check the statement about the fixed point elements of a. 
Take X € A A , which is in the commutant of Abc- We have 

-1/2 p / 1/2 v 1/2 \ -1/2 

= p^EA^iXp^p^J 2 
= Pi> 1 B /2xE AB(p^ BC )p^ 1 B /2 

= P^ B t2xE Afi{EB,c(Pi, BC ))P^ B 12 

= P4> b 2xE b(P4> B c)p^ b 2 

-1/2 v -1/2 
= P^b X Pip B P^ B 

= x pZ /2 p^pZ /2 = x ( 24 ) 

Suppose now that ipABC is even. Then p^ BC € A e BC and also p^ B G A e B 
commute with any X € A a- Hence we see that the above set of equalities 
()24|) holds for this case. I 

From this result, if an even state satisfies the strong additivity of entropy, 
then the Markov property with respect to a triplet (Aa, Ab, Ac) in the 
sense of [Q (cf. Lemma 11.3 of ^D) is satisfied. 

4 Markov states on the marginal subsystems 

The definition of separable states (i.e. classically correlated states) for nonin- 
dependent systems is much the same as that for the tensor-product systems 
jllj . That is, if a state is written as a convex sum of some product states, 
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then it is called a separable state. Let A and C be a pair of disjoint subsets, 
and oj be a state on Aac- If 

uj(XY) = uj(X)lu(Y) (25) 

for all X e .A a and Y € .Acs then u is called a product state with respect 
to the pair (Aa, Ac)- It is easy to see that the product property in the 
converse order, 

lo(YX) = u(Y)uj(X) = lo(XY) (26) 

follows from (j25|) and the graded commutation relations. 

We discuss the property of Markov states with respect to (Aa, Ab, Ac) 
for the marginal subsystem Aac- As we announced in the introduction, 
Corollary 7 of H is invalid for the graded systems. 

Proposition 3. For a three-composed graded system (Aa, Ab, Ac), there 

exist U(l)-gauge invariant states that satisfy the Markov property for (Aa, Ab, Ac) 

but are nonseparable for (Aa, Ac)- 

We shall construct such Markov states. Using the Jordan- Wigner trans- 
formation, we set a three-composed tensor-product system in the following 
way. Let va, vb, and va,b denote the unitaries implementing on the 
specified subsystems. Let A S A := Aa, A s ab := Aab, A s abc := Aabc, 
A% := {A%, v A A° B }, A s c := {A e c , v a ,bA°c}i and A %c ■= (4c v A A° BC } 
where the notation '{ , }' denotes the algebra generated by the arguments. 
They induce a tensor-product system A S ABC = A A <8> A S B ® A s c - We as- 
sign finite-dimensional Hilbert spaces H. A , TL B and Tt c to A A , A S B and A s c , 
respectively. We will use the following lemma later. Its proof is obvious. 

Lemma 4. Let ipABC be an arbitrary even state on Aabc- It satisfies 

S(i> AB c) ~ S(^ab) - S(^ BC ) + SOj b ) = 0, (27) 

if and only if 

S(^abc) ~ S(iP\ A s AB ) - S(iP\ A s bc ) + S(^\ A s b ) = 0. (28) 



For a while we will focus on the two composed system, Aac- I n [H] 
we have discussed how the state correlation (separability, nonseparability) 
will remain or change under the Jordan- Wigner transformation which maps 
the CAR pair (A A , Ac) to (Aa, A s c ), where A s c denotes the commutant 
of Aa in A A c and is explicitly given as {A e c , vaA° c }. (Note that A s c is 
different from previously introduced A s c .) It has been shown that the set 
of all separable states for the CAR pair is strictly smaller than that for 



8 



the tensor-product pair. That is, if ujac is a separable state for the pair 
(Aa,Ac), then so it is for (Aa,A c ). However, there exist U(l)-invariant 
states that are separable for the latter but nonseparable for the former. We 
introduce an example of such states from 

Let kA and kc be some nonzero odd elements in Aa and in Ac, e.g. 
field operators on specified regions. Let K := l/2{k A kc ~ kAk c ) which is 
self-adjoint and denotes fermion-hopping interaction between Aa and Ac- 
Suppose that [|fcx|| < 1 and \\k c \\ < 1, then \\K\\ < 1. For Asl, |A| < 1, 
Pac,x := 1 + Aif gives a density operator. For < |A| < 1, the state on Aac 
with its density pac,x gives a state satisfying all the desired conditions. 

Now take such a U(l)-gauge invariant state ujac on Aac- It has a 
state-decomposition ujac = J27=i ^i^AC^, 0<Ai<l,^Aj = l, such 
that each uJAC,i is a product state for (A a, <A c ), but has no product-state 
decomposition for (Aa,Ac)- From this, we are going to construct a state 
on Aabc that proves Proposition [3 

Let us assume that the dimension of Tig is equal or more than n. Then 
we have a set of n nonzero even orthogonal projections pi G A e B , 1 < i < n. 
Let u)B,t(X) := T(piX)/r(pi), for X G A B . Those are all even states of A B . 
Let to abc '■= Y17=i M^ACi where ujag,% ° &B,i denotes the (uniquely 
determined) product state extension of ujac% on Aac and uj B i on Ab-, see 

U- 

We will see that uJAC,i ° u B ,i gives a product state for (A a, A s c ) when 
restricted to A a <8> A^ • We mus t check this for the product element ac + 
such that a G .Aa and c + G A^., and for <i(vav B C-) such that a G Aa and 
c_ G A° c . We have 

wac,j u B ,i(ac + ) = uJAcA ac +) = w AC,t(a)wyic,i(c+) = wac.j o ^^(ojw^ci ° ^B,i(c+),(29) 
and using the product property of ojac,i for (Aa, A s c ) 

UAC,i ° WB^auA^C-) = u)AC,i u B ,i(a,VAC-v B ) 

= UAC,i( av AC-)uJB,i(vB) 
= WAC,i{a)u)AC,i{vAC-)u B ,i(vB) 

= UAC,i(a)uAC,i ° u B ,i(vAC-V B ) 

= UAC,i ° U B ,i{a)uJACi ° ^B,i{vAVBC-)- (30) 

Hence 0JAC,i°^B,i bas a product state restriction, and accordingly wabc bas 
a separable state restriction for (Aa, A^). We conclude that our ujabc has 
the structure as in Theorem 6 of jHj or as the formula (14) of ^2] with respect 
to (Ha, Tig, 7i c ). Hence it satisfies the Markov property with respect to 
(A% A%, A s c ). ' 

From the equivalence of the Markov property and the strong additivity of 
entropy for three-composed tensor-product systems, which has been shown 
in the above references, (|25)) is satisfied for ujabc- Since it is even, it satisfies 
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1)2 7j) as well and hence is Markovian with respect to (A\, A S B , A s c ) by 
Proposition |5J As u>ac\a A c = U AC is obviously nonseparable for (A a, Ac) 
by definition, ujabc gives a state showing Proposition El 

5 Additivity of von Neumann entropy and the prod- 
uct property 

We consider a two-composed graded system Aac generated by Aa and Ac- 
Namely, we treat the case where the intersection region B is empty. Then 
the strong subadditivity of entropy (|T5|) becomes 

Sty AC ) ~ Sty A ) - Stye) < 0, (31) 

which is called the subadditivity of entropy. We discuss characterization of 
additivity of entropy, i.e. the condition of equality of this inequality. 

The answer is very simple for tensor-product systems: a state satisfies 
the additivity of entropy if and only if it is a product state. For the graded 
system, we can show a similar result easily under the assumption that the 
marginal states ipA and ipc are not both noneven. Let ipA ° ipe denote the 
product state of Aac whose restrictions to Aa and Ac are ipA and ipe- Its 
existence is guaranteed if ipA or-and ipe is even. Then we have 

Sty AC ) ~ Sty a) - Stye) = -Hty AC , o Vc) < 0. (32) 

By the strict positivity of relative entropy, it is if and only if ipAC = ipA^c- 
Now we drop the evenness assumption on the states. If ipA and tpe are 

both noneven, then there is no product state extension for them Hence 

the above argument using the strict positivity of relative entropy does not 

work for the general case. 

Using ^2] we derive the following. 

Proposition 5. Let ipAC be a state of the two-composed graded system Aac- 
It satisfies the additivity of entropy 

Sty AC ) ~ Sty A ) - Stye) = 0, (33) 

if and only if it is a product state for {Aa, Ac)- If it is the case, at least 
one of ipA o,nd ipe is even. 

Proof. The equivalence of (|33|) and (|18j) when the middle part B is empty 
implies that (|3"3)) is equivalent to 

H(p^ AC , p^ c ) = H{p^ A , 1). (34) 

This is equivalent to say that Ea is sufficient for p^ AC and p^ c - Now from 
()2U|) the canonical left inverse of Ea for those densities is given by 

T*(X) := P^fXp^ 2 , XgAa- (35) 
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Hence we have 

Pi>Ac = Ti (Pi>A ) = pIcHa pIc ■ ( 36 ) 

Exchanging A and C and repeating the same argument as above, we have 
also 

1/2 1/2 /„-,s 

P^AC = P^ A P^ C P^ A ■ ( 37 ) 

Let us take the decomposition of p^ A into its even-odd parts and that of 
p^ c as in ©: 

Pi> A = P4> A+ +Pip A _, PVa+ g -A% p^p A _ g A° A , 

Pi>c = Pi>c++ Prl>c-i Pi>c+ £ pip c _ £ Ac- (38) 

1/2 1/2 

Similarly take the even-odd decomposition of pJ and that of p,, in the 
following: 

1/2 

P$ A = «+ + a_, a+ G a_ G .4^, 

Z^f = c+ + c_, c+ G Ac, c_ G A c . (39) 

Since the densities are positive hence self-adjoint, each of a + , a_, c+, and 
c_ is self-adjoint. We have 

Ha = ( p l A ¥ = «+ + «- + a+a- + a_a+, 

2 2 

PVa- = a+a-+a-a+, (40) 



and 

Pip c = c\ + c 2 _ + c + c_ + c_c + , 

_ 2,2 
PVa + — C + ~r C - ' 

P^A- = C+C-+C^C + . (41) 

Now we shall express the equality P^ 2 p^ A P^ 2 = P^ A P^ c Pf A = P+ag in 
terms of a + , a_ , c + and c_ . We compute 

1/2 1/2 

Ptp c P^PaPiPc 

1/2/ . \ 1/2 

- Zfy c (%++ Pi>A-)P^ a 

( V 2 i O / V 2 ^ 1/2 id/ l/2\ 1/2 

= \Pi>A+Pi,c +P^A- @ {Pi, c )) PlPc = P^A+P^PC +Pi>A- <S> {Pi, c ) Pip c 

= (a\ + a 2 _){(? + + (?_ + c + C- + c_c + ) + (a + a_ + a_a + )(c + — c_)(c + + c_) 
= a+(c^_ + (?_ + c + c_ + c_c + ) + a^(c^_ + c?_ + c + c_ + c_c+) 

+a + a_(ci — c 2 , — c_c_|_ + c+c_) + a_a + (cl — c 2 _ — C-C + + c + c_). (42) 
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Also, 

1/2 1/2 

1/2/ . \ 1/2 

= Pi, A Wo+ + Pi>c-)Pi> A 

. l/2 n / l/2\ 
= Pi> A P^C+ + P^a J 

= (a 2 + a 2 + a + a_ + a_a + )(c+ + c_) + (a^_ — a 2 — a + a_ + a_a + )(c + c_ + c_c + ), 

2/2,2, , \ , 2 / 2 , 2 \ 

= a + {Cj r + c_ + c_|_c_ + c_c + j + a_(c + + c_ — c + c_ — c_c + ) 

+a + a_(c^_ + c 2 — c + c_ — c_c + ) + a_a + (c^_ + c 2 _ + c + C- + c_c + ). (43) 

Equating (JUJ) and (031), we have 

a 2 _(c + C- + c_c + ) + a+a_(— c 2 + c + c_) + a_a + (— c 2 . — c_c + ) = 0. (44) 

Taking the even and odd parts of this, we have 

a + a_c_|_c_ — a_a + c_c + = 0, (45) 
a 2 (c + c_ + c_c + ) — (a + a_ + a-a+)c 2 _ = 0. (46) 

By acting the unitary transformation A(1(va) on the both sides of ()46l) where 
va in .4^ gives the implementation of on A a as ©, we have 

a 2 (c + c_ + c_c + ) + (a + a_ + a_a + )c 2 _ = 0. 

By averaging this and (|4f)]) . we have 

a 2 (c+c_ +c_c + ) = 0. (47) 

Similarly, we have 

(a+a_ + a_a+)c 2 = 0. (48) 

We will see that from (jUJ), (jUJ and (gEJ), our assertion, i.e. the eveness 
of pif, A or (and) p 1 p c follows. For (|4*7|) to be satisfied, 

a 2 _ = or-and (c+c_ + c_c+) = 0, (49) 

as a 2 G ^4^ and hence a 2 _(c + c_ + c_c + ) = a 2 ^ ® (c+c_ + c_c + ) = 0. In the 
same way, 

(?_ = or-and (a + a_ + a_a + ) = 0. (50) 

If a 2 _ = 0, then a_ = since o_ is self-adjoint. Therefore p^ 2 is even and 
so is. If <rl = 0, then p^ c is even. We now consider the remaining 
possibility, i.e. the case where a+a_ + a_a + = c + c_ + c_c + = 0. This 
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implies that p^ A _ = Pip c _ = 0, namely both of p^ A and p^ c are even. In 
conclusion, at least one of the marginal states p^ A and p^ c should be even. 

Now we know that the product state tpA V'c exists and can use the 
argument in (|32|) that leads to our desired assertion. | 

We shall go back to three-composed systems and comment on the con- 
dition of the strong additivity of entropy. For now, we are only able to 
produce the desiarble form of Markov property for even states. We guess 
that the strong additivity of entropy may control nonevenness of the states 
as for the special case of two-composed systems. 
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